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Nikolai [1,2 ] formulated and solved the problem of the motion of a

stabilized gyroscope in a Cardan suspension taking into account the

effect of constant frictional moments at the suspension axes. The motion
of an astatic gyroscope in a Cardan suspension on a fixed base is studied
below. It is assumed that there are frictional forces at the axes of the
suspension, the magnitudes of which are proportional to the normals form-
ing the dynamic reactions. Some results have been published earlier [31].

1. Derivation of the equations of motion for the gyroscope. Let us
associate the system of coordinates 617§ with the space at rest, the
system of coordinates xys Y10 2y with the outer ring, and 29, Y9, 2y with
the inner ring; furthermore, the axis of rotation for the outer ring co-
incides with the axis f, the axis Y1 with the axis of rotation of the
inner ring, the axis z, with the rotational axis of the rotor. The loca-
tion of the gyroscopic system will be denoted by the angles a, 8 and ¢,
the sense of which is shown in Fig. 1.

Let us denote the moment of inertia of the outer ring about the axis
of its rotation by Al' the moments of inertia of the inner rings about
the axes x,y,z5 by A,B,C,,the equatorial and polar moments of inertia of
the rotor by 4 and C. Denoting the projection of the angular velocity of
the outer ring on the axes %9, Y9, Zg by Pgs Gys Tgs the projection of
the angular velocity of the rotor on the same axes by p, ¢, r, we have

p2 = a' cos B, p=ua cosp
p=qao, 2=8" g=7 (1.1
re=a'sinf, r=¢ + o sinf

S G o, 4B 49
(=% 8 =% v—3)

1164



The motion of an astatic gyroscope 1165

Denoting, finally, by K_,, Kylv K, the sums of the moments of forces
of base reactions with respect to the axes x;, y;, z;, by Lxl' Loy, Ly
the sums of the moments of forces acting on the inner ring from the side
of the outer ring,by sz, MyZ' Mz2 the moments exerted by the inner ring
on the rotor [4]:

Then, utilizing (1.1) we will obtain the system of equations describ-
ing the motion of the outer ring, the inner ring and the rotor:

A’ =K, —L,, O0=K, —L, 0=K, —1L,
As0” cos B — (Ag + By — Cp) &'B’ sinf =L, cosp— L, sinP — M,
Bof" + (43 — Cyya?sinfeosPp=1L, — M, {1.2)

Cs0” sinB + (C3 + By — Ap) @'B’ cosp =L, sinP - L, cosPp — M,
Aa” cosB + HpB' — 24a’f’ sinf = M,

AB" + Ao'?sinf cos§ — Ha' cosf = M

d . aH
2z C@ +a sinf)l = 7 = M,

Y2

Let us consider the forces of interaction between the base and the
outer ring., Let us assume that the journal and the bearing in cross-
section, perpendicular to the axis of rotation, represent two cirecles,
the radii of which differ insignificantly. Figure 2 shows the cross-
section of the outer ring bearing located on the positive part of the
axis z;. The normal force of the base reaction on the outer ring is de-
noted by R,, where Rl > 0; the friction force Fy = f)R, is directed per-
pendicularly toward Rl and hinders the rotation of the outer ring. The

forces in the second bearing have the same magnitudes but opposite
directions.

We will assume that the axis of outer ring rotation is directed

vertically; then, denoting by r; the radius of the bearing, by 1, the
length of outer ring axis, we have
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K = — (2finR -+ le*) signa’

Xy

K, = —HRih (sin$y 4 f1 cos %1 signa’) (1.3)

K, = Rl (cost — fisindisigna’)
where le‘ is the moment of rotational friction dependent on the force
of gravity. Because the axis of the outer ring is directed vertically,
gravity has no effect on Rl.

Let us pass now to the consideration of reaction forces of the outer
ring on the inner ring. The cross-sections of the bearings located on
the positive and negative sides of the axis y; are shown in Pigs. 3 and 4,
Utilizing the given notationswe will get

. . b . . L
L, = R (cos 9 — fu sindnsignf )—2 4 Rgs (€0s Og9 -+ fosinBaasign f’) 5
Lyl. = ——fz"z (Rgl + Rgg) Sigﬂ ﬁl ('14)
. - l . . N1
L, = —Rx (sinda + fu cos 9y signp’) Tz + Rgp (sin 89p — fo cOS dgp sign f') %

Here r, is the radius of the bearing and l2 the length of the inner
ring axis.

R Z
()27
Z
B
22
Fig. 2. Pig. 3. Fig. 4.

Denoting the weight of the rotor and of the inner ring by P and pro-
jecting the forces acting on the inner ring on the axes x and zy, we
have

Ro1 (sin 9y + fp cos 991 sign f’) 4 Ras (sin Say — fo cOs Jyp sign B’) = P
Ro1 (c0s 991 — fo sin 9o sign B’) — Rgp (o5 Fop - fo sin 8y, sign f’) = 0 (1.5)

Using (1.2) to (1.5), we obtain a system of equations describing the
motion of the gyroscope in a Cardan suspension with dry friction:

Ara” = — (2firs 4 K %) signa’ — Rax (€08 951 — J; s1n 9y sign B’) Iy (1.6)
0 = —Rlll (Sin 1()l + fl Ccos 1()1 Sign CL,) —!* fgrg (R21 -l— ng) sign BI (1.7)
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0 = Rl (cos 91 — fisindisigna’) + Ry (sindy 4 fo cos 8y signB’) i — 1 PL (1.8)
Aqa” cos B~ (A3 + By — Cp) o'B' sinf = Ry {cos 91 — f; sin 9y sign f') L cos P -+
+ [Rux (sin 9a -+ f2 cos 9 signB’) — 1y P Lhsinp — M, (1.9)
Bof" + (Az — Ca)a® sin B cos f = — fory (R + Run) signp’ — M, (1.10)
Coo” sin B 4 (C2 4 By — Az} a’B'eos B = Roy (cos ¥ — fosinOnsign B’y L sinp —

— [Ra (sin 9y 4 fy cos Py signP’) — ], Pl L cos B — M, (t.10)
Aa” cosB + Hf' — 240§ sinp = M, (1.12)
AR” 4 Aw®sinf cosp — Ha' cosp = M, (1.13)
dH
=M, (1.14)

These sould be supplemented with the relations (1.5).

2. Motion of the gyroscope under the action of a constant moment. Ve
will copsider the motion of a gyroscope under the action of a constant
moment outside the gravity field (the case of motion in the absence of
external influences is presented in [3 ).

Let us assume that there is no friction on the rotor axis, i.e.

Mz2 = 0, and the constant moment M is applied to the outer ring along its

axis., PFrom (1.14) we find that H = const.
Since P = 0, then from (1,5) it can be seen that Rn = Rys.

We will assume that the angles a, B and the angular velocitids a”, B°
are small guantities and will neglect their squares, products and terms
of the order a”* 8. Then, for example,

ﬁfxz = Aa” + Hﬁ') szsinﬁ ~ (A{I” + Hﬁ’) ﬁ ~ 0.

Using (1.9) to (1.13) we obtain
Ro1 (c0s 81 ~— fy sin 8p1 signf') Iy = (4 + A4p) 0 4- HP’
—2faroRoy sign B’ = (4 4 By) B’ — Ha'
Roy (sindp1 4- focospsignBy L =0
Squaring the first and the third equation of the last system and add-
ing them we have

Ry A 4 A9)a” - HP' |

o LV1+ /2
After eliminating 321 we find

p e 2fare ” Py ’
(A + B2) ﬁ — Ho' = 12 Vr‘i:_}? | (A + —42> a + Hﬁ iSIgn ﬂ (2'1)
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Eliminating R, and % from Equations (1.6) to (1.8), we obtain

2f1ry

(4 + it da) o' HHY = — s

[ (A + B2) B" — Ha' [signa’ + M (2.2)

Let us introduce

a = r, ﬁ':y, A+A1+A2=11, A—l—Agzlg, A+B2213

2f1r1 2fars
— = a >O, Ry e——— Y/ A >O
wVi+pe VI +f2

Equations (2.1) and (2.2) can be rewritten in the following form:

he' + Hy= —a1| Isy’ — Hx |signe + M
Isy’ — Hx = —ay | Iz’ 4- Hy |signy (2.3)

The first equation of the system (2.3) can be put into the form

he' + Hy = —may | Iz’ + Hy |signe + M (2.4)

Whence

M — (1 4- araq signz) Hy plus for Iz’ - Hy >0
Iy 4+ ayaslysign « minus for /lxx" 4- Hy < 0

=

(2.5)

Taking into account (2.5) we obtain

Ing’ + Hy>0 for y>y, o
Izz'+Hy=#—jéﬁL, or sz'+Hy=0 for y=1y < -—~}——I—-)
14 a1aolosign 2 La' + Hy <0 fory<y,
2 /]

Let us consider the motion of a representative point Q(xz, y) on the
plane of the angular velocities y, x, introduced by Nikolai.

Equation (2.3) shows that the plane of Nikolai can be split into six
regions in each of which the motion of the gyroscope is described by
linear equations. In each region these equations can be reduced by trans-
formation of coordinates to the equation of the form

dy x R
= —miykn (i =1.2) (2.6)
in which
i aaels L —amaal, . a:A; o ey
nll_]3(1—|—a1{12)' mz‘—ls(i_alaz)' nl—‘ls (1-'—(11(12)’ 2_13 (1‘—a1a2)

From Equation (2.6) it follows that the motion of the representative
point occurs along deformed logarithmic spirals (Fig. 5), the centers of
which correspond to the six regions of the Nikolai plane.
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Region Spiral Centers
az M '1 M
I (:t >0, y> 0) O _l_ a1az H ’ 1 + ala2 )
e az M
1 <0, y>0 02\ 1—ajas H 1-—a1a2 )
a M
111 (r<0, y<y<0) 03(—1~—21a2ﬁ’ 1—-a1a2 )
as M
IV (2<0, y <) o 5z T 1+a1a2 =)
Qg M M
V (x > O’ Yy < yo) 05 ( {1 — ayae H ’ 1— aas )
a M 1 M
VI ((L‘>0, y0<y<0) 06<—1+21a2——H—’ 1+a1a2_If>

Let us consider the passing of the representative point through the
coordinate axes. If the representative point crosses the y-axis then the
angular velocity of the outer ring ¢’ = x vanishes and in accordance with
Equation (2,4) there may be two cases:

(1) |M — Hy | > a1ay | Iz’ + Hy |, z =0,
the representative point passes across the y-axis;
@) | M — Hy | e | Hy |, 2’ =0

the representative point slides along the y-axis. The slide region is de-
fined by the inequality

1 M 1 M
N<YS Y

yl:i*f—(hdz? v Y2 = 1——-(110,2—]1_)

The pattern of motion of the representative point verifies the exist-
ence of the slide region on the y-axis. Indeed, from (2.4) it is seen that
if x>0, y= Y then .= 0; if <0, y= Yo then also x”.= 0. The
straight lines x’-= 0 are shown in Fig. 6 by dotted lines. Above the
dotted lines the motion of the representative point occurs from left to
right. The region Y19 attracts the representative point by the only
possible motion which is sliding along the y-axis towards the origin of
the coordinates.

Analogous reasoning shows that the slide region exists on the x-axis
(Fig. 6) and is defined by the inequality

I.M I.M
n<e<nm (0= e ey T =S T T awl )

At the point L the representative point leaves the x-axis, passes into
the region I and with increasing time approaches 01 asymptotically. Thus,
after the transient process dies down in the system, two constant angular
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Fig. 5. Fig. 6-
velocities are established:
, __ 1 M , as ﬂ
Bli—%alagﬂ’ azi—}—alagH

Let us assume now that an external constant moment L is applied to
the inner ring along its axis of rotation. A simple analysis shows that
in the system, subsequent to the transient process, there is established
one constant angular velocity a “= L/H. In this case the slide regions
of the representative point along the coordinate axes are non-existent.

3. On the motion of a heavy gyroscope. Let us assume again that
Mz2 = 0, H= const and consider the motion of a heavy gyroscope, re-
tricting ourselves to the case of small angles and small velocities. From
(1.11) and (1.5) it can be seen that

, Or R«zlz]l’gu

. , . . , P
Ro1 (sin ®e1 + fa cos 991 sign B') = Ryp (Sin P22 — fo €OS Sy sign f’) = =

Using Equations (1.9) to (1.13) and the last relationship we find

Lxl = Ry (cos Y1 — frsindnsignP’) lo = (4 - A) a” + HB'

L, = — 2f2"2R21 Sign ﬁ, = (A —|— Bg) B” -— Ha’

P . .
L, = [7 — R (sinda + fy cos 91 sign ﬁ')] lp =0

Let us introduce the notation 1/2 Pl2 = m. Then eliminating R,; anddy,
we have

(A + By) B" — Ho' = —ay Vm? + [(A + Ay) a” + HP'JE sign B’ 3.1

We will assume that the bearings of the outer ring are designed in
such a way that the moment le* due to rotating friction dependent on
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gravity can be neglected.
After eliminating Bl and 9; from Equations (1.6) to (1.8), we obtain
(4 -+ A1+ A)a” + HY = — a1 (A - Bp) p” — Ha' | sign o’ (3.2

Utilizing the notation from the previous section, we write Equations
(3.1) and (3.2) in the following form:

L' + Hy = —aga: ¥Vm® = (Iso” -+ Hy)?signz (3.3)

Isy — He = — a3 Y'm? + (Ipx' — Hy)?signy

First consider the case when, due to smallness of friction, one can
neglect the right-hand side of the first equation in system (3.3). Then

H —_ A
x’ =—T7 Y Iy — Hz = — a; ¥ m?® + n*H%y2 signy <n=—1—11>5
whence
dy I1 Hz —a, Vm® + n?H?y®signy
dz - 13 Hy

Integrating this equation we will obtain

In (2 + n2y2 — asbx Vmy® = n2y? signy + ba?) =
azbsigny _1 2V mi® + n%® — agbrsigny
————= tan
p 2px
< m b 2 11 2 b agzbz
M= V=M PPEO— 4)

=D—

Here D is an arbitrary constant.

Consider the crossing of the representative point of the coordinate
axes. From the first equation of system (3.3) we have

H a
z =—fy—’a11—12 Vm2 + (Iw’ + Hy)signz

Substituting x’ into the second equation we will obtain

1 274/,
Iy’ — Hz = —a, [m2 + (nszy2 — a1as -f Vm? 4 (I,2" + Hy) sign x) ] zsign y

Let the bearing friction on the axes of the suspension be so small
that the terms multiplied by a1a22 may be neglected. Then (3.3) becomes
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Isy —Hx = —a, YV m®+ n?H%?signy

Iy’ + Hy = — ajas Y m? 4 n2H%y%sign

(3.4)

It is easy to see that there is on the x-axis a slide region for the
representative point defined by the inequality | x| < a,m/H tending to-
wards the origin of the coordinates. Imagine that at the beginning of
motion the representative point was located on the boundary of this
region, i,e.

=0 for t = 0.

SIF

a = Qy, ﬁ=0, a'=x=a2

The representative point will move further along the x-axis; therefore
the inner ring remains immovable relative to the outer ring. The velocity
of the latter is defined by the formula

a’=aqi—a1azln—t
H I

Equating a’- to zero, we find the time of motion T of the gyroscope

=g

During this time the deviation along the outer ring axis attains the
magnitude

Iy az m I; as Pl

m 1 m
. — = — e ? e S 2 T8 8
a=:as H T1 2 G182 11 T = 2 ay H? 4 ay H?

Example. Let there be given a gyroscope with the following parameters:
I1 = 11 g cm secz, P=300g l=25cm H= T500¢g cn sec, a; = ay

The deviation with respect to a for this gyroscope during the slide
time of the representative point along the x-axis attains 0.25°.

The slide region on the y-axis is determined by the inequality

m
ly | S a7

The deviation of the gyroscope with respect to the angle 3 during the
sliding of the representative point on the y-axis is quite negligible.

In conclusion the author expresses his deep gratitude to A.Iu.
Ishlinskii for his guidance in preparation of this work.
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